We endow super Poisson structures with super Calabi-Yau manifolds by using super twistor double fibrationsD Moreover we define the structure of deformation quantization for such super Poisson manifolds.
Introduction
It has been shown that [1] there exists the relationship between L 5 | 6 and P 3 | 4 analogous to Mirror symmetry in some sense. It is known that the Calabi-Yau condition is the most important in order to study of Mirror symmetry. In the present paper, we are mainly concerned with super Calabi-Yau twistor spaces. It is known that Wolf [25] introduced super Calabi-Yau twistor spaces.
As mentioned in abstract, we introduce super Poisson structures on super Calabi-Yau twistor spaces. Then, we also study deformation quantization of super Calabi-Yau twistor spaces via the super Poisson structures. When N = 0, super Poisson manifolds are reduced to the classical Poisson manifoldsD
The first purpose of the paper is to demonstrate that the super twistor double fibration plays a crucial role in our construction. We construct even super Poisson structures on super Calabi-Yau twistor spaces as in the case of classical dimension = 3.
The second one is to study deformation quantization of them. We show that even super Calabi-Yau twistor Poisson spaces can be deformation quantizable. In the topics, we shall exhibit Propositions 3.4, 3.5 and Theorem 3.6. It is also able to construct odd super Calabi-Yau twistor Poisson spaces in the way similar to and seems that those spaces can be deformation quantizable.
To end this section, we mention deformation quantization in the smooth and algebraic categories (cf. [4, 5, 6, 10, 15, 16, 17, 18, 14, 26] ). Kontsevich showed in his celebrated paper [10] that any Poisson manifold can be deformation quantizable in smooth category with the formal parameter , while Miyazaki [14] discussed deformation quantizations in algebraic/analytic categories on the basis of the assumption that
in his first trial. The convergence of star product and the star exponential were discussed in [16, 17, 18] .
The paper consists of five sections. In Section 2, we give a short overview of theory of supermanifold, and mention fundamental examples which we need in this paper. In Section 3, we consider formal deformation quantization for super Poisson twistor spaces. In Section 4, we study other examples. Finally, in Section 5, we study glueing problem of resulting algebras via formal deformation quantization.
Preliminaries
A theory of supermanifold is based on super (or Z 2 -graded) algebra. In the section, we review quickly a supermanifold which we will use throughout the paper, supposing the reader has fundamental knowledge concerning superalgebras. For the further information for superalgebras and supermanifolds, we refer the reader to [11, 12, 13, 21, 22, 24] .
Let us denote by C ∞ M a sheaf of smooth functions on a smooth manifold M. We remark that every smooth manifold M is described as a ringed space (M, C ∞ M ). A supermanifold is defined in terms of a ringed space in the same way as the ordinary one.
, where M is a smooth manifold of dimension n, and 1 is a sheaf of supercommutative rings on M, called the structure sheaf on M, which satisfies the following conditions :
is locally isomorphic, as a sheaf of supercommutative algebras, to the exterior algebra sheaf
We sometimes use the notationM for a supermanifold (M, A M ) throughout the paper. For a supermanifoldM, a local section f of the structure sheaf is written in the following way:
where f i 1 i 2 ···i k (z) are smooth functions on M with local coordinates z 1 , z 2 , · · · , z n and where θ 1 , θ 2 , · · · , θ N are odd variables so that they are local generators of N M /N M 2 . We use the notation
for a local coordinate of a supermanifoldM. Analogously, one can define the notion of a complex supermanifold by taking a complex manifold as an underlying smooth manifold and replacing C ∞ M with a sheaf of holomorphic functions in Definition 2.1. Noting the fact, let us recall the definition of super twistor manifold (see [14] ). (1) p : Z −→ P 1 is a holomorphic fiber bundle.
(2) Z has a family of holomorphic section of p whose normal bundle N is isomorphic to 
It is easy to see that
(II) A complex super projective space of dimension (n | N) is defined by
We denote by O P n | N the structure sheaf
, we see that O P 3 | 2 is decomposed in the following way:
where Π denotes the parity change functor as mentioned before. We define the line sheaf of degree d, denoted by 
. Hence a super twistor space P n | N might admit the structure of a Calabi-Yau supermanifold (or might satisfy a Calabi-Yau condition) if and only if N = 4.
(III) A weighted super projective space [25, p.40 ] is defined by
where
Note that with the definitions above, we have
The first Chern class is given by 
Let us now consider an open subset of WP
This can be identified with the holomorphic fiber bundle
and as such it can be covered by two patches (cf. [25] ).
In this case, Calabi-Yau condition is of the k
1 + k 2 − (l 1 + · · · l N ) + 2 = 0.
In particular we consider the case of N = 2, that is,
This space can be identified with the holomorphic fiber bundle
For the particular combination p + q = 4, it is a Calabi-Yau supermanifold.
There are three types of such Calabi-Yau supermanifolds as follows:
(IV) A super ambitwistor space ( [25, p.15] ) is defined by
is the ideal subsheaf in
The first Chern class is given by c 1 ( [24] , p.87).
Deformation Quantization for Super Poisson Twistor Spaces
LetM be a supermanifold of dimension (n | N). For superbivector fields A and B onM which are written locally in the form
Here 
(2) (−1)
The bracket { , } Z 2 is called a super Poisson bracket. Moreover, we call an even (resp. odd) Poisson bracket if
For a super Poisson algebra A, we denote by A the space of all formal power series ∞ r=0 f r r , f r ∈ A in a parameter . (1) * is bilinear and -linear;
The product * is called a star product or * -product(see [4, 10, 6, 15, 16, 26] ).
Inspired by Definition 2.1 for a general super manifoldM, we can define anti-chiral super manifold in the following way [3, 4, 5, 6, 12, 13, 14, 16, 17, 18] . 
Proposition 3.4 Consider a product on the even part T
where X A = (x αα | θα i ) and
Then the product (3.1) gives deformation quantization which has the following commutation relations:
where { , } means a supercommutator. 
Proposition 3.5 Consider a product on the odd part T
* 1 C n|N ≃ C n|2N of the cotangent bundle T * C n|N defined by (3.2) f (x | θ) * g(x | θ) = f (x | θ) exp         2 ← − ∂ ∂X A E AB odd − → ∂ ∂X B         g(x | θ),
Then the product (3.2) gives deformation quantization which has the following commutation relations:
and a bivector
can be deformation quantizable and the non-commutative product * is explicitly written down in the following. 
We first prove for
j=1 ΠO P 1 (1) . Consider the following double fibration (cf. [22] ).
If we put z α := x αα λα, ξ i := θα i λα, then we see 
The transition functions are given in the following way.
Under the coordinate above, we have
on U − .
Thus we obtain
The arguments similar to this can be applied for patching works of super Poisson Calabi-Yau,
Other examples
In the present section we give other examples.
Proposition 4.1 A complex super projective space of dimension (n|N) is defined by
We denote by O P n|N the structure sheaf For example, if (n|N) = (3|2) , we see that O P 3|2 is decomposed in the following way:
where Π denotes the parity change functor. We define the line sheaf of degree d that 
).
We define a super even bivector as follows.
The 
(0 o.w.).
Proposition 4.2 A weighted super projective space ([25], p.40) is defined by
Note that with the definitions above, we have
The space defined as above can be identified with the holomorphic fiber bundle
In the case of
In this case, Calabi-Yau condition is of the k
In particular we consider the case of N = 2, that is,
For 
The first Chern class is given by c 1 ( 
Star product for this object is constructed by the following diagram :
We introduce a bivector as follows: 
